Computational study of electromechanical instabilities in dielectric elastomers by Wang, Jin
Boston University
OpenBU http://open.bu.edu
Theses & Dissertations Boston University Theses & Dissertations
2014
Computational study of
electromechanical instabilities in
dielectric elastomers
https://hdl.handle.net/2144/21271
Boston University
BOSTON UNIVERSITY
COLLEGE OF ENGINEERING
Thesis
COMPUTATIONAL STUDY OF
ELECTROMECHANICAL INSTABILITIES IN
DIELECTRIC ELASTOMERS
by
JIN WANG
M.S., Boston University, 2014
Submitted in partial fulfillment of the
requirements for the degree of
Master of Science
2014
c© Copyright by
Jin Wang
2014
Approved by
First Reader
Harold S. Park, PhD
Associate Professor of Mechanical Engineering
Second Reader
Paul E. Barbone, PhD
Professor of Mechanical Engineering
Third Reader
Katherine Yanhang Zhang, PhD
Associate Professor of Mechanical Engineering
God helps those who help themselves.
Acknowledgments
These two years at Boston University are undoubtedly the most exciting years of
my life so far. It is mainly because I have met remarkable people around, who have
helped me in many ways for my finishing this thesis.
First and foremost, I would like to express my immense gratitude to my adviser
Prof. Harold Park, for having me involved in interesting research projects and guiding
me through my research with unceasing advice, encouragement and support. I am
deeply humbled by his broad knowledge in many different areas with strong technical
skills in solving challenging problems. His passion and strong motivation in under-
standing fundamental science have always stimulated me. He is a great mentor to
me. Without his generous help, I would not be able to accomplish my thesis work. I
am truly grateful and proud that I have worked with him.
I am also very grateful to have my committee members, Prof Paul Barbone, Prof
Katherine Zhang, for their helpful advice and support in my thesis work. In addition,
I want to thank my group members: Penghui Cao, Zenan Qi, Xue Ben, Gwonchan
Yoon and Weiwei Tao, for their help and interesting discussions together. I have
learned a lot from each of them. I especially want to express my thankfulness to our
former group member Shuangxing Dai for helping me in many ways. It also gives
me great pleasure in acknowledging the support and help from all staff members and
friends at Boston University. Their dedicated work has provided tremendous support
for my study and research.
My life being so enjoyable is also due to my friends and groups outside the aca-
demic community, who I see as my new family in Boston already. I want to thank
all my roommates for sharing much good time during the past two years. My life is
also enriched by the Ruggles Baptist Church and Chinese Bible Church in Greater
Boston. All the friends there help me a lot of my life, and make me know more about
v
love and God.
Finally, I want to give a big thank-you to my parents. They always love me,
support me. It’s them who brought me to where I am now. I love them very much.
vi
COMPUTATIONAL STUDY OF
ELECTROMECHANICAL INSTABILITIES IN
DIELECTRIC ELASTOMERS
JIN WANG
ABSTRACT
Dielectric elastomers (DEs) have attracted significant attention in recent years
and have been found to provide excellent overall performance in actuation-based ap-
plication. This thesis will introduce the fundamentals of DEs, derive the field and
finite element equations for simulating its deformation, and then focus on numer-
ically studying electromechanical instabilities, in particular electrostatically driven
creep and the effect of pre-stretch on surface (creasing) instabilities. First, a non-
linear, dynamic finite element model coupled with a finite deformation viscoelastic
constitutive law is utilized to study the inhomogeneous deformation and instabilities
resulting from the application of a constant voltage to dielectric elastomers. Theoret-
ical studies are performed of two problems that have been experimentally observed,
i.e. electromechanical snap-through instability and bursting drops in a dielectric elas-
tomer. In general, increasing the viscoelastic relaxation time leads to an increase in
time needed to nucleate the electromechanical instability. However, it is found that
the time needed to nucleate the instability of these two cases scales with the relaxation
time. Second, the effect of pre-stretch on the performance of dielectric elastomers is
studied. Two cases are studied, the electromechanical snap-through instability under
equibiaxial pre-stress, and a strip under uniaxial pre-stretch. It is found that pre-
stress markedly increases the stability of the elastomers, while pre-stretch increases
the critical field for electro-creasing instability.
vii
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1Chapter 1
Introduction
1.1 Dielectric Elastomers Background
Machines in engineering are usually made by hard materials, but machines in nature
are often soft. The life of animals or plants consist of thousands of different soft
active materials, in order to receive and process information from the environment.
Nowadays, the field of emerging the soft active materials to create soft machines is
exciting and promising.
This thesis will focus on a class of soft active materials: dielectric elastomers.
They have been found to provide excellent overall performance in actuation-based
applications, including high specific elastic energy density, good efficiency, and high
response speed on the order of milliseconds (O’Halloran et al., 2008).
All materials consist of many different particles, and some of them, like electrons
or ions, are charged, and thus move due to an applied electric field. For dielectric
materials, those particles would be charged or polarized and cause distances. All
dielectrics are electro-active (Suo, 2010).
Figure. 1.1 illustrates how a dielectric elastomer works. If the dielectric elas-
tomer is sandwiched between two compliant electrodes (which typically have a much
smaller mechanical stiffness), then the application of voltage across the thickness of
the elastomer, or spraying charges on the surfaces through the electrodes will cause
the dielectric elastomer to exhibit substantial thinning through the thickness while
corresponding expanding dramatically in the plane. The thickness is reduced due
2Figure 1·1: A dielectric elastomer in (a) the reference state and in (b)
the deformed (current) state. (Zhao et al., 2011)
to the attraction of positive and negative charges that accumulate on the opposite
electrodes, while the in-plane expansion results from the repulsion of like charge on
each electrode. This unique large deformation property has led to many potential
application for the dielectric elastomers, such as medical devices, artificial muscles,
and the potential to harvest energy from sources as diverse as human muscle motion
and ocean waves (Carpi et al., 2010; Brochu and Pei, 2010; Mirfakhrai et al., 2007).
1.2 Motivation
Dielectric elastomers have attracted significant attention in recent years(Carpi et al.,
2010; Brochu and Pei, 2010; Biddiss and Chau, 2008; Bar-Cohen, 2005; Mirfakhrai
et al., 2007; O’Halloran et al., 2008). Many experimental and theoretical studies
have been performed on different aspects of this material. A key physical effect is the
role of viscoelasticity in determining the large-deformation response of the dielectric
elastomers (Zhang et al., 2004).
Viscoelasticity is important since the failure of dielectric elastomers is strongly
dependent on both the stretch rate and the amount of prestrain. This is because at
higher stretch rates and frequencies, viscoelastic effects stiffen the material, which
limits the force generation, efficiency, and actuation speed, while simultaneously in-
3troducing the deleterious effects of creep, hysteresis, and stress relaxation. Corre-
spondingly, there has recently been an increasing effort in the research community to
study, both experimentally and theoretically, viscoelastic effects on the behavior of
the dielectric elastomers(Zhang et al., 2004; Plante and Dubowsky, 2006; Biddiss and
Chau, 2008; Keplinger et al., 2008; Hong, 2011; Zhao et al., 2011; Foo et al., 2012;
Wang et al., 2013; Tagarielli et al., 2012; Park and Nguyen, 2013; Buschel et al., 2013;
Khan et al., 2013).
A key issue that has not been studied in detail is the creep response of the dielectric
elastomers to a constant electrostatic (i.e. voltage) load, particularly in the context
of electromechanical instabilities that can result in the dielectric elastomers. For
example, a recent analytical study on electrostatically-driven creep in viscoelastic
dielectric elastomers was performed by Wang et al. (Wang et al., 2013). However,
due to the simplicity of the analytical model, the electromechanical instabilities are
not considered for interesting and important dielectric elastomer failure modes such
as electromechanical snap-through (Pelrine et al., 2000; Plante and Dubowsky, 2006)
and crack-like initiation and propagation (Wang et al., 2012). Thus, in this thesis,
two aspects of properties of the dielectric elastomers will be studied.
The first is to utilize a recently developed non-linear, finite deformation viscoelas-
tic finite element (FE) model of the dielectric elastomers to study their creep response
under constant electrostatic (voltage) loading. This is done in the context of investi-
gating viscoelastic effects on the characteristics of two electromechanical instabilities
that have been observed experimentally to cause failure in the dielectric elastomers:
snap-through instability (Pelrine et al., 2000; Plante and Dubowsky, 2006), and crack-
like propagation emerging from a bursting drop in a dielectric elastomer matrix (Wang
et al., 2012).
The second is to study the effects of equibiaxial pre-stress and uniaxial pre-stretch
4on the instability time or critical electric field of the dielectric elastomers. This is
done in conjunction with the derivation of analytical expressions that can predict the
electromechanical response of dielectric elastomers that are subject to pre-stretch.
Two different models are tested and compared with theoretical results, which are the
snap-through instability case, and the formation of creases and craters in a constrained
dielectric elastomer.
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Field theory and finite element model
2.1 Nonlinear field theory of dielectric elastomers
The computational (finite element) model that is used is based on a discretization
of the electromechanical field theory proposed by Suo et al. (Suo et al., 2008), and
recently reviewed by Suo (Suo, 2010). Here the essential equations are summarized.
The reference configuration of a material particle is denoted as X. At time t, the
material particle moves to the new coordinate x, where the function x(X, t) describes
the deformation of the particle in time. Then the deformation gradient can be defined
as
FiJ =
∂xi(X, t)
∂XJ
(2.1)
Φ(X, t) is also defined as the electric potential at X at time t, where the nominal
electric field is defined as
E˜I = −∂Φ(X, t)
∂XI
(2.2)
The nominal stress σiJ satisfies the following weak form of the momentum balance
equation: ∫
V
σiJ
∂ξi
∂XJ
dV =
∫
V
(
Bi − ρ∂
2xi
∂t2
)
ξidV +
∫
A
TiξidA (2.3)
where ξi is an arbitrary vector test function, Bi is the body force per unit reference
volume V, ρ is the mass density of the material, and Ti is the force per unit area that
is applied on the surface A in the reference configuration.
6For the electrostatic problem, the nominal electric displacement D˜I satisfies the
following weak form of the governing equation:
−
∫
V
D˜I
∂η
∂XI
dV =
∫
V
qηdV +
∫
A
ωηdA (2.4)
where η is an arbitrary scalar test function, q is the volumetric charge density, and ω
is the surface charge density, both with respect to the reference configuration.
Three relevant comments can be made to the field equations in Eqs. (2.3) and
(2.4). First, if the vector test function ξi is chosen as the virtual displacement δui,
the mechanical weak form in Eq. (2.3) can be interpreted as the well-known virtual
mechanical statement, where σiJ is the nominal stress that works conjugate with the
gradient of virtual displacement δui. Second, if the electrical test function η is chosen
to be the virtual potential δφ, the electrostatic weak form in Eq. (2.4) represents
the virtual electric work, where D˜I is the nominal electric displacement that work
conjugate to the gradient of virtual potential δφ. Third, the strong form of the
mechanical weak form in Eq. (2.3) is the well-known momentum equation; while the
strong form of the electrostatic weak form in Eq. (2.4) is the Gauss’s law.
In this coupled electro-mechanical problem, the thermal effects are negligible. The
thermodynamics of the dielectric elastomer is specified by a free energy function Wˆ .
Associated with small changes δF and δE˜, the free energy changes by
δWˆ = σiJδFiJ − D˜JδE˜J (2.5)
The free energy depends on the deformation gradient through the tensor CIJ =
7FkIFkJ . Thus, Eq. (2.5) implies that
σiJ = 2FiL
∂Wˆ (C, E˜)
∂CJL
, (2.6)
D˜J = −∂Wˆ (C, E˜)
∂E˜J
At a given state (F, E˜), Eq. (2.6) can be linearized as
∆σiJ = HiJkL∆FkL − eiJL∆E˜L, (2.7)
∆D˜J = eiJL∆FiL + JL∆E˜L
where the tangent moduli are (Zhou et al., 2008)
HiJkL = 2δik
∂Wˆ (C, E˜)
∂CJL
+ 4FiMFkN
∂2Wˆ (C, E˜)
∂CJM∂CLN
, (2.8)
eiJL = −2FiM ∂
2Wˆ (C, E˜)
∂CJM∂E˜L
,
JL = −∂
2Wˆ (C, E˜)
∂E˜J∂E˜L
As the governing field equations in Eqs. (2.3) and (2.4) are decoupled, the electrome-
chanical coupling occurs through the material laws. The hyperelastic material law
is adopted, which has been used to study the nonlinear deformations of electrostati-
cally actuated polymers. Due to the fact that the dielectric elastomer is a rubber-like
polymer, phenomenological free energy expressions are typically used to model the
deformation of the polymer chains. In the present work, the form below is utilized
(Vu et al., 2007; Zhao and Suo, 2007)
Weq(C, E˜) = µeqW0 − 1
2
λ(ln J)2 − 2µeqW0(3) ln J − 
2
JC−1IJ E˜IE˜J , (2.9)
where W0 is the mechanical free energy density in the absence of an electric field,
 is the permittivity, E˜ is the nominal electric field, J = det(F), where F is the
8continuum deformation gradient, C−1IJ are the components of the inverse of the right
Cauchy-Green tensor C, λ is the bulk modulus and µeq is the equilibrium shear
modulus. The free energy Weq in Eq. (2.9) are distinguished as the equilibrium free
energy as the non-equilibrium terms that appear later capture the viscoelastic effects.
The mechanical behaviour of the dielectric elastomer is modelled by using the
Arruda-Boyce rubber hyperelastic function (Arruda and Boyce, 1993), for which the
mechanical free energy W0 in Eq. (2.9) is approximated by the following truncated
series expansion,
W0(I1)
µ
=
1
2
(I1 − 3) + 1
20N
(I21 − 9) +
11
1050N2
(I31 − 27) (2.10)
+
19
7000N3
(I41 − 81) +
519
673750N4
(I51 − 243),
where N is a measure of the cross link density, I1 is the trace of C, and where
the Arruda-Boyce model reduces to a Neo-Hookean model if N → ∞. It is worth
emphasizing that previous experimental studies of Wissler and Mazza (Wissler and
Mazza, 2007) have validated the Arruda-Boyce model as being highly accurate for
modeling the large deformation of the dielectric elastomers.
The Weq in Eq. (2.9) is the equilibrium free energy that represents the fact that
the elastomer is a three-dimensional network polymers connected by crosslinks in it.
Each polymer chain consists of many monomers, whose polarization is not affected
by the crosslinks, i.e., the monomers can polarize almost as freely as a polymer melt.
In this work, the idealized assumption that the dielectric behavior of the elastomers
is exactly the same as that of a polymer melt is adopted.
Furthermore, it is well-known that the polymer chains in the elastomers are not
infinite in length. Those chains are coiled in the undeformed configuration. However,
as the stretch increases, the distance between the two ends of each polymer chain
also increases and approaches the limits of the contour length. Thus, as the elastomer
9approaches its limiting stretch, it stiffens substantially. To summarize, elastomers are
elastically soft at small loads, but elastically stiffer as the load increases(Suo, 2010).
2.2 Finite element discretization
After establishing the field equations and constitutive model, the finite element (FE)
formulation can be developed by discretizing the mechanical displacement and the
electric potential with standard FE shape function Na as
xi(X, t)−Xi = Na(X)uai(t), (2.11)
Φ(X, t) = Na(X)Φa(t)
where uai and Φa represent displacement and electrical potential in Eqs. (2.3) and
(2.4), respectively.
With the FEM shape functions, the Eqs. (2.3) and (2.4) are discretized to get the
balance equations in residual form,
Rn+1m = f
n+1
m,ext − (Man+1 + fn+1m ), (2.12)
Rn+1e = f
n+1
e,ext − fn+1e , (2.13)
Rn+1 =
(
Rn+1m
Rn+1e
)
,
10
where
fn+1m =
∫
V
σiJ
∂Na
∂XJ
dV, (2.14)
fn+1m,ext =
∫
V
BiNadV +
∫
A
TiNadA, (2.15)
fn+1e =
∫
V
D˜J
∂Na
∂XJ
dV,
fn+1e,ext =
∫
V
qNadV +
∫
A
ωNadA,
In these equations, the superscript (n+ 1) indicates the iteration count at time step
n + 1. Therefore, Rn+1m is the mechanical residual at time n + 1, R
n+1
e is the elec-
trostatic residual, fn+1m and f
n+1
e are the internal mechanical and electrostatic forces,
respectively, and fn+1m,ext and f
n+1
e,ext are the externally applied mechanical and electro-
static forces, respectively.
As the mechanical equation is time-dependent, the Newmark implicit time inte-
grator is utilized (Belytschko et al., 2002; Hughes, 1987), which is unconditionally
stable when the time integrator parameters are chosen as β = 1/4 and γ = 1/2. The
predictor-corrector form of the Newmark equations is given as
un+1 = u˜n+1 + β∆t2an+1 (2.16)
= un + ∆tvn + ∆t2
(
1
2
− β
)
an + β∆t2an+1,
vn+1 = v˜n + γ∆tan+1
= vn + ∆t (1− γ) an + γ∆tan+1.
From the corrected part of the time integration algorithm in Eq. (2.16), a significant
relationship that shows below in deriving the linearized FEM equations is
∂un+1
∂an+1
= β∆t2I, (2.17)
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where I in Eq. (2.17) is an identity vector.
The residual mechanical and electrostatic equation in Eq. (2.12) can be linearized
to obtain a Newton solution of the electromechanically coupled equations by using
the standard Taylor expansion
R(i+1) = R(i) +
∂R
∂r
∆r, (2.18)
∆r =
(
∆a
∆Φ
)
,
where the subscript in parenthesis in Eq. (2.18), i.e. (i+1) and (i), indicate iteration
numbers and not time steps. The residual is linearized by taking the derivative ∂R
∂r
to obtain
∂Rm
∂r
=
∂R(i+1),m
∂u(i+1)
∂u(i+1)
∂a(i+1)
∆a(i+1) +
∂R(i+1),m
∂Φ(i+1)
∆Φ(i+1) + M∆a(i+1), (2.19)
∂Re
∂r
=
∂R(i+1),e
∂u(i+1)
∂u(i+1)
∂a(i+1)
∆a(i+1) +
∂R(i+1),e
∂Φ(i+1)
∆Φ(i+1),
where the notation in Eq. (2.19) implies that all quantities are calculated for each
iteration (i + 1) that are needed to fully update the FEM nodal acceleration a and
electric potential Φ from time step tn to tn+1. Plugging Eq. (2.17) into Eq. (2.19),
the following equations are obtained
∂R
∂r
=
(
M + β∆t2Kmm Kme
β∆t2Kem Kee
)
, (2.20)
Kmm =
∂f(i+1),m
∂u(i+1)
=
∫
V
HiJkL
∂Na
∂XJ
∂Nb
∂XL
dV,
Kme =
∂f(i+1),m
∂Φ(i+1)
= KTem =
∂f(i+1),e
∂u(i+1)
= −
∫
V
ekJL
∂Na
∂XJ
∂Nb
∂XL
dV,
Kee =
∂f(i+1),e
∂Φ(i+1)
= −
∫
V
JL
∂Na
∂XJ
∂Nb
∂XL
dV,
12
where HiJkL, eiJL and JL come from Eq. (2.8).
Since the residual in Eq. (2.18) requires that R(i+1) = 0, the increment of the FEM
nodal acceleration ∆a and electric potential ∆Φ for each iteration can be obtained
as (
∆a(i+1)
∆Φ(i+1)
)
= −
(
M + β∆t2Kmm Kme
β∆t2Kem Kee
)−1(
R(i),m
R(i),e
)
(2.21)
Convergence occurs when there is no further change in nodal acceleration ∆a and
potential ∆Φ. Eq. (2.21) is solved iteratively until a converged solution is obtained.
2.3 Viscoelastic Q1P0 finite element formulation
To realistically model the behavior of dielectric elastomers, two additional consider-
ations are needed. First, the FE formulation given previously does not account for
incompressibility, where the rubber-like elastomers deform in a volume conserving
manner. Second, the free energy does not account for non-equilibrium deformation,
which is needed to accurately model viscoelasticity in the rubbery materials.
First, the effects of viscoelasticity are incorporated by modifying the free energy
such that it includes a non-equilibrium contribution, which depends only on the me-
chanical fields and deformation as
Wtotal = Weq(C, E˜) +Wneq(C
e), (2.22)
where C = FTF and Ce = Fe
T
Fe. Wneq(C
e) is assumed to be independent of the
electric field based on the assumption that electrostatic equilibrium occurs much more
quickly than mechanical equilibrium (Hong, 2011). By including the non-equilibrium
contribution via the approach of Reese and Govindjee (Reese and Govindjee, 1998),
the governing dynamic FE equations become(
∆a
∆Φ
)
= −
(
M + β∆t2(Keqmm+q1p0 + K
neq
mm) Kme
β∆t2Kem Kee
)−1(
Rm
Re
)
. (2.23)
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Comparing the viscoelastic FE equations in Eq. (2.23) with the non-viscoelastic equa-
tions in Eq. (2.21), the purely equilibrium mechanical contribution to the stiffness
matrix is augmented with the non-equilibrium mechanical contribution to the stiffness
matrix, which can be written explicitly as
Kneqmm =
∫
V
(
2δik
∂Wneq(C
e)
∂CJL
+ 4FiMFkN
∂2Wneq(C
e)
∂CJM∂CLN
∂Na
∂XJ
∂Nb
∂XL
)
dV, (2.24)
where it is re-emphasized that the additive contribution of the non-equilibrium stiff-
ness matrix Kneqmm is a direct consequence of the additive decomposition of the free
energy into equilibrium and non-equilibrium components in Eq. (2.22).
Incorporation of the Q1P0 formulation of Simo et al. (Simo et al., 1985) results in
some modifications to the various terms in Eq. (2.23). First, the internal mechanical
force is modified as
f intm =
∫
V
B
T
(
1
J
FSF
T
)
dv|F=Θ1/3Fˆ, (2.25)
where B is the shape function and can be decomposed into volumetric and deviatoric
components as B = Bdev+Bvol (Hughes, 1987). S is the second Piola-Kirchhoff stress
tensor obtained via
S =
∂W˜ (C, E˜)
∂C
|C=Θ2/3Cˆ (2.26)
and Θ is a new kinematic variable and comes from F = Θ1/3Fˆ. Second, because the
electromechanical stiffness matrices are derived from a linearization of the modified
internal mechanical force in Eq. (2.25), it becomes
Kme =
∂f intm
∂E˜
=
∫
V
B
T
(
1
J
F
∂S
∂E˜
FT
)
Bdv|F=Θ1/3Fˆ, (2.27)
where it is clear that the electromechanical stiffness in Eq. (2.27) has become mixed
in the sense that it depends on both the standard FE shape function gradients as well
as the modified B shape function gradients.
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Finally, as noted by Simo et al., the mechanical stiffness matrices Keqmm+q1p0 in
Eq. (2.23) can be written
Keqmm+q1p0 = Kgeo + Kmat + Kp, (2.28)
where Kgeo and Kmat are the standard geometric and material contributions to the
stiffness matrix, and Kp is a new contribution to the stiffness matrix that emerges
due to the incompressibility pressure constraint in the following Lagrangian:
L(u,Θ, p) =
∫
V
W
(
Θ1/3Fˆ
)
dV +
∫
V
p(J−Θ)dV (2.29)
+Πext(u)−K(u˙).
The stresses and moduli that are needed in Eq. (2.28) for the equilibrium (Keqmm+q1p0)
tangent stiffness in Eq. (2.23) using the numerical finite difference approach of Miehe
(Miehe, 1996).
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Chapter 3
Electrostatically driven creep in
viscoelastic dielectric elastomers
The objective of this chapter is to utilize the recently developed nonlinear, finite de-
formation viscoelastic finite element (FE) model of the dielectric elastomers (Park
and Nguyen, 2013) just described in Chapter 2 to study the creep response of di-
electric elastomers under constant electrostatic (voltage) loading. This is done in the
context of focusing on the effects of viscoelasticity on the characteristics of two elec-
tromechanical instabilities that have been observed experimentally to cause failure
in the dielectric elastomers: snap-through instability (Plante and Dubowsky, 2006;
Zhao et al., 2007), and crack-like propagation emerging from a bursting drop in a
dielectric elastomer (Wang et al., 2012).
All FE simulations considered the generalized three-dimensional geometry, and
were conducted using 8-node hexahedral elements using the open source simulation
code Tahoe (Tahoe, 2013). For the bursting drop problem, the out of plane (z)
displacement was set to zero to mimic a plane strain condition.
A key parameter that was varied for each problem below is the viscoelastic re-
laxation time τr = η/µneq (Wang et al., 2014), where η is the shear viscosity, and
µneq is the non-equilibrium shear modulus. In all cases, µneq = 1, and the viscosity
η was varied, except for the bursting drop problem, over three orders of magnitude
to create a corresponding three order of magnitude range of viscoelastic relaxation
times τr. The material properties and parameters used here for the FEM simulations
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Table 3.1: Values of the material parameters needed to evaluate the
equilibrium free energy Weq in Eq. (2.9), the Arruda-Boyce hyperelastic
function in Eq. (2.10), and the non-equilibrium viscoelastic formula-
tion.
Material Parameter Value
N 5.0
µeq 1.0
 1.0
K 10000.0
µneq 1.0
to evaluate the free energy in Eq. (2.9) and the Arruda-Boyce model in Eq. (2.10),
as well as the non-equilibrium viscoelastic parameters, are provided in Table (3.1).
3.1 Electromechanical snap-through instability
The first example is that shown in Fig. 3.1, which is used to study viscoelastic effects
on the well-known electromechanical snap-through instability (Plante and Dubowsky,
2006; Zhao et al., 2007; Park et al., 2012). In this problem, it is known that above
a critical normalized voltage of about Φ = 0.75 (Park et al., 2012), the electrostatic
Maxwell stress becomes larger than the mechanical stress in the dielectric elastomer,
causing a rapid decrease in thickness of the dielectric elstomer of nearly 90% and a
substantial increase in the cross sectional area of the dielectric elastomer, as illustrated
in Fig. 3·2. For this problem, a single 8-node hexahedral element was used subject
to the electromechanical boundary conditions shown in Fig. 3.1.
Fig. 3·3 shows the evolution of the vertical stretch λy = Ly/L0 is a function of
time as the shear viscosity η is varied between 5 and 500. Specifically, the cases
shown in Fig. 3·3 demonstrate the behavior of the dielectric elastomer if the applied
voltage of Φ = 0.7 is smaller than the critical voltage Φcrit = 0.75. In Fig. 3·3(a), it
can be seen that as η is increased, the dielectric elastomer takes a longer amount of
time to creep to the same stretch λy, though all asymptotically reach the equilibrium
value of λy = 0.77. However, Fig. 3·3(b) shows that if the time is normalized by the
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Figure 3·1: The schematic of snap-through model and its electrical
and mechanical boundary conditions.
viscoelastic relaxation time, then all curves collapse to the same stretch value λy at
the same normalized time.
Fig. 3·4 shows the results for when the applied voltage of Φ = 0.8 is larger than
the critical voltage for instability of Φcrit = 0.75. As can be seen in Fig. 3·4(a),
as η increases, the time needed for the snap-through instability to occur increases
substantially, where the occurrence of the snap-through instability can be observed
through the nearly instantaneous decrease in stretch λy near a critical stretch of about
λy = 0.5 to a final value of about λy = 0.1, or a decrease in thickness of nearly 90%.
This applied voltage of Φ = 0.8 is larger than the critical voltage to induce creep
for the equilibrium (µ = µeq) case, which is why the deformation in Fig. 3·4 has an
initial creep stage followed by the snap through instability.
However, Fig. 3·4(b) demonstrates that if the time is normalized by the viscoelas-
tic relaxation time τr, that all curves collapse, with the onset of the snap-through
18
Figure 3·2: Illustration of different stages of electromechanical snap-
through instability. (a) Undeformed configuration; (b) Prior to snap-
through instability; (c) Final configuration after snap-through instabil-
ity has occurred. D VEC is the magnitude of the displacement vector.
instability occurring at the same normalized time of about t/τr = 6.65. This demon-
strates that for the snap-through instability problem, aside from increasing the critical
voltage needed to induce the snap-through instability (Park and Nguyen, 2013), the
major effect of viscoelasticity is to proportionately increase the time needed for the
snap-through instability to occur in direct proportion to the viscoelastic relaxation
time τr.
3.2 Bursting drops in a confined dielectric elastomer
The second and final example considers a numerical study of electrostatically-driven
creep, or specifically crack-like initiation and propagation from a bursting drop in
a constrained dielectric elastomer, similar to the recent experiment of (Wang et al.,
2012); a schematic of the problem is shown in Fig. 3·5. In that experiment, a
constrained dielectric elastomer film was created with a small hole containing a con-
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Figure 3·3: Time evolution of thickness-direction stretch λy for an ap-
plied normalized voltage of Φ = 0.7, or smaller than the critical voltage
needed to cause the snap-through instability, for different viscosities η.
(a) Not time normalized; (b) Normalized by the viscoelastic relaxation
time τr.
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Figure 3·4: Time evolution of thickness-direction stretch λy for a con-
stant normalized voltage of Φ = 0.8, or above the critical voltage needed
to cause snap-through instability, for different viscosities η. (a) Not
time normalized; (b) Normalized by the viscoelastic relaxation time τr.
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Figure 3·5: Schematic of the bursting drop problem. (a) A bursting
drop in the electric elastomer, which is applied voltage. (b) A quarter of
the model, with all the mechanical and electrical boundary conditions.
ductive liquid, i.e. a salt solution. Upon application of a voltage, the hole was found
to change shape from a sphere to an elongated ellipsoid, followed by bursting of the
drop in the hole via crack nucleation and propagation from the top of the hole, where
this process is illustrated in Fig. 3·6. This problem was recently computationally
studied by (Park and Nguyen, 2013), including viscoelasticity, but under continuous
electrostatic loading, with the key finding that increased viscoelastic relaxation times
led to a higher electric field needed to initiate the crack, with a subsequent decrease
in crack propagation speed.
In contrast, the goal in the present work is to determine how viscoelasticity impacts
crack initiation and propagation that results from a constant electrostatic (applied
voltage) loading, analogous to an electromechanical creep test. The results from this
study are shown in Fig. 3·7. In Fig. 3·7(a), it is clear that as the viscosity η, and
thus the relaxation time τr increases for the same applied voltage, a longer time is
required for the crack to reach its maximum propagation distance ∆y.
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Figure 3·6: Illustration of electrostatically-driven crack initiation and
propagation in a dielectric elastomer containing a conductive drop.
Note the formation and propagation of a crack from the top of the
hole. D VEC is the magnitude of the displacement vector.
23
0 1000 2000 3000 4000 5000 6000 7000
0
0.5
1
1.5
time
∆ 
y
Crack Propagation Distance vs. Time
 
 
η = 5
η = 50
η = 500
(a)
0 10 20 30 40 50 60 70
0
0.5
1
1.5
time / τ
r
∆ 
y
Crack Propagation Distance vs. Time
 
 
η = 5, τ
r
 = 5
η = 50, τ
r
 = 50
η = 500, τ
r
 = 500
(b)
Figure 3·7: (a) Cracklike drop tip propagation distance ∆y as a func-
tion of time for different shear viscosities η. (b) Cracklike drop tip
propagation distance ∆y as a function of normalized time.
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However, as shown in Fig. 3·7(b), if the time is normalized by the relaxation time
τr, it could be found that the times for crack initiation all overlap. This leads to
the conclusion, as previously observed for the electromechanical snap-through prob-
lem, that viscoelasticity again simply scales, in a linear proportion to the relaxation
time, the amount of time it takes for an electrostatically-nucleated crack to initiate,
propagate, and travel its maximum distance.
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Chapter 4
Pre-stretch effect on dielectric elastomer
The results in previous chapters have only considered electrostatic loading. Here, the
loading range is expanded to include mechanical pre-stretch and pre-stress effects.
This chapter will show the equations of the nominal electric field and nominal electric
displacement for the Arruda-Boyce model subject to either pre-stretch or pre-stress,
which will be compared to numerical results using the simulation code Tahoe. Good
agreement will be demonstrated between the theoretical and computational results
demonstrating the effects of pre-stress and pre-stretch on the critical voltage needed
to induce electromechanical instability.
4.1 Instability under equibiaxial pre-stress
The same geometry model of the snap-through instability previously used in Chapter
2 (Fig. 3.1) is utilized here, but now a constant force will be added before electrical
loading to induce a pre-stress, as illustrated in Fig. 4.1.
As mentioned in Chapter 2, the Arruda-Boyce rubber hyperelastic model has the
strain energy function:
W (I1)
µ
=
1
2
(I1 − 3) + 1
20N
(I21 − 9) +
11
1050N2
(I31 − 27) (4.1)
+
19
7000N3
(I41 − 81) +
519
673750N4
(I51 − 243),
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Figure 4·1: The schematic of pre-stretched snap-through model, with
mechanical and electrostatic boundary conditions shown.
When the electric energy term is included, this energy function becomes:
W (I1, D˜) =
µ
2
(I1 − 3) + µ
20N
(I21 − 9) +
11µ
1050N2
(I31 − 27) (4.2)
+
19µ
7000N3
(I41 − 81) +
519µ
673750N4
(I51 − 243) +
D˜2
2
λ−21 λ
−2
2 ,
where I1 = λ
2
1 + λ
2
2 + λ
2
2 and λ1λ2λ3 = 1
Since the free energy function is W (λ1, λ2, D˜), λ1, λ2, D˜ are three generalized
coordinates, and P1, P2, Φ are three control parameters. The free energy of the
system is (Zhao and Suo, 2007)
G = L1L2L3W (λ1, λ2, D˜)− P1λ1L1 − P2λ2L2 − ΦQ (4.3)
If λ1, λ2, D˜ vary by small amount as ∂λ1, ∂λ2, ∂D˜, the free energy change is:
27
∂G
L1L2L3
=
(
∂W
∂λ1
− σ1
)
∂λ1 +
(
∂W
∂λ2
− σ2
)
∂λ2 +
(
∂W
∂D˜
− E˜
)
∂D˜ (4.4)
+
1
2
∂2W
∂λ21
∂λ21 +
1
2
∂2W
∂λ22
∂λ22 +
1
2
∂2W
∂D˜2
∂D˜2
+
∂2W
∂λ1∂λ2
∂λ1∂λ2 +
∂2W
∂λ1∂D˜
∂λ1∂D˜ +
∂2W
∂λ1∂D˜
∂λ1∂D˜
Thermodynamics enforces that an equilibrium state should minimize the free energy
σ1 =
∂W
∂λ1
, σ2 =
∂W
∂λ2
, E˜ =
∂W
∂D˜
(4.5)
Assuming σ1 = σ2 = σ and λ1 = λ2 = λ, the system is under equibiaxial pre-stress,
and we can define
L = I
′
1
2
+
2I1 · I ′1
20 ·N +
3× 11 · I ′1(I21 )
(1050 ·N2) +
4× 19 · I ′1(I31 )
(7000 ·N3) +
5× 519 · I ′1(I41 )
(673750 ·N4)) (4.6)
D˜√
µ
=
√
(L − σ
µ
)× λ5 (4.7)
E˜√
µ/
=
√
(L − σ
µ
)× λ−3
where I1 = 2× λ2 + λ−4 and I ′1 = 2× (λ− λ−5).
Through the output of the electric field E and electric displacement D from Tahoe,
the dot tracks in Fig. 4·2 show the nominal E˜ and D˜ relationship under different
pre-stretches. The solid curves in Fig. 4·2 illustrate the theoretical curve of E˜/√/µ
vs.D˜/
√
µ which come from Eqs. (4.6) and (4.7). The theoretical curves match the
computational points very well. Therefore, the conclusions are that the theoretical
equations are correct and the Tahoe results are reliable. Eqs. (4.6) and (4.7) can be
used for predicting more results.
From the curves, it is seen that the nominal electric field E˜ initially increases dra-
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Figure 4·2: Computational and theoretical nominal electric field vs.
nominal electric displacement curves under different pre-stretch
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matically with the electric displacement. After E˜ reaches a maximum value, which
depends on the pre-stretch, it first decreases and then increases again, where the de-
crease is due to the loss of stability resulting in the electromechanical snap-through
instability. After the dramatic thinning of the thickness due to the snap-through in-
stability, the elastomer stiffens substantially due to the large resulting in-plane stretch
and the thickness of the elastomer approaches a constant, such that the nominal elec-
tric field increases with the nominal electric displacement.
When comparing the different pre-stress effects on the electric field values as in
Fig. 4·2, it is obvious that increasing the pre-stress decreases the critical electric
field. If the pre-stress is small, such as the σ/µ = 0, 0.3, 0.5, nominal E˜ has a peak.
The stage after the E˜ peak indicates the loss of stability of the dielectric elastomer
actuator. If the pre-stress is large, as σ/µ = 1.0, 3.0 showing, the nominal electric
field has no peak, so the sharp change of the slope means the critical instability point.
With larger pre-stress, the electric displacement of this critical point is larger. Thus
it can get the conclusion that pre-stress will increase the actuation stretch.
4.2 Strip instability
The objective in this section is to examine pre-stretch effects on surface instabilities in
constrained dielectric elastomers, in particular the electro-creasing instability. This is
done using the quasi 3D strip subject to the electromechanical boundary conditions
shown in Fig. 4·3.
Specifically, the strip is first stretched a fixed amount by applying displacement
increments on the left and right surfaces. Once the designated pre-stretch is applied,
the length of the strip is then held constant, and a ramp electrostatic loading is
applied to the top surface while the bottom surface is held fixed at zero voltage.
The time history of the deformation is shown in Fig. 4·4. As can be seen, in panel
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Figure 4·3: The schematic of pre-stretched strip model, with mechan-
ical and electrostatic boundary conditions shown.
(a), no inhomogeneous deformation is seen before the voltage reaches a critical value.
When the critical voltage is reached, small creases begin to appear in the top surface,
as shown in panel (b), which then, under increased voltage, become large craters as
shown in panels (c) and (d).
Fig. 4·5 shows a plot of the normalized nominal electric field versus the normalized
nominal electric displacement for different values of pre-stretch ranging from 10 to
350%. An interesting transition is observed in which the critical electric field for the
initiation of the electro-creasing instability first decreases, then increases dramatically
with increasing pre-stretch; this is visualized by the black line in Fig. 4·5 that connects
all of the points corresponding to the initiation of the electro-creasing instability for
each value of pre-stretch. The nominal electric field E˜ divided by current thickness
gives the true electric field E, which is shown as the red line in Fig. 4·6.
To examine the validity of the obtained numerical results for the dependence of
the true electric field E on the pre-stretch λ shown in Fig. 4·6, an analytic expression
for the critical electric field as a function of pre-stretch is now presented.
In this analytic model, which follows the work of Wang et al.(Wang et al., 2011),
the total stress in the strip is the summation of the effective electrical stress and the
mechanical stress, i.e. σ = −E2 +σp. Since the assumption is that the critical stress
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Figure 4·4: Illustration of different stages of electromechanical strip
instability under pre-stretch λ = 1.1. (a) Undeformed configuration;
(b) Initiation of electro-creasing instability; (c) Initiation of crater for-
mation; (d) Fully formed craters.
32
0 2 4 6 8 10 12 14 16 18 20
0
1
2
3
4
5
6
7
D˜/
√
ǫµ
E˜
/√
ǫ
/µ
 
 
λ = 1.0
λ = 1.1
λ = 1.5
λ = 2.0
λ = 2.5
λ = 3.0
λ = 3.5
λ = 4.0
λ = 4.5
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is reached when the creasing instability occurs, the equation can be written as
σc = −E2c + σp (4.8)
When there is no pre-stretch, i.e., λ = 1, σp = 0, and Ec = 1.15
√
µ/σ and σc ≈
−1.3225µ. Therefore, the critical electric field for the uniaxially pre-stretched strip
can be calculated as
Ec ≈
√
1.3225µ+ σp

(4.9)
where the σp can be obtained from the free energy function as
σnominal =
∂W
∂λ
=
I ′1
2
+
2I1 · I ′1
20 ·N +
3× 11 · I ′1(I21 )
(1050 ·N2) (4.10)
+
4× 19 · I ′1(I31 )
(7000 ·N3) +
5× 519 · I ′1(I41 )
(673750 ·N4))
where I1 = 2× λ2 + λ−4 and I ′1 = 2× (λ− λ−5).
To get the true stress, σnominal should be divided by its current cross section area
(or thickness in this quasi 3D model). Thus,
σp =
σnominal
h
=
σnominal
H/λ
(4.11)
where H = 4 is the original height and λ is the stretch. By substituting Eqs.
(4.11) (4.10) into Eq. (4.9), the critical electric field can be written in a function
as Ec(λ, µ, ,H,N), and µ, ,H,N are all constant parameters. Therefore, the theo-
retical true electric field vs. stretch curve can be plotted, as shown in Fig. (4·6)(blue).
As can be seen, the computational and theoretical results match very well, and
demonstrates that uniaxial pre-stretch can significantly enhance the critical voltage
needed to induce the electro-creasing instability in dielectric elastomers.
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Chapter 5
Conclusion and future work
The focus of this thesis has been on using a previously derived computational, finite el-
ement model to study the electromechanical deformation of dielectric elastomers. Two
distinct conditions were studied. First, viscoelastic effects on the electrostatically-
driven creep in dielectric elastomers were considered. Two examples of electrostat-
ically driven electromechanical instabilities that have been observed experimentally
were studied, i.e., the well-known snap-through instability, and the case of a cracklike
defect that nucleates and propagates from a bursting drop in a dielectric elastomer.
The main finding is that when the relevant instability time is normalized by the vis-
coelastic relaxation time, that a universality in terms of the time needed to nucleate
the instability is observed.
Second, the effects of mechanical pre-stress and pre-stretch on electromechanical
instabilities in dielectric elastomers were studied. By numerically considering the
cases of snap-through instability, and also electro-creasing instability in conjunction
with a derived analytic model, it was determined that pre-stress would increase the
stability of the elastomers. Furthermore, it was determined that pre-stretch will
markedly increase the critical field for electro-creasing instability.
To conclude the thesis, some suggestions for future research building upon the
present results are given. First, for the viscoelastic strip model, where the failure is
due to the surface electro-creasing instability, normalization of the instability time
by the viscoelastic relaxation time did not show collapse to a single value as did
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the normalization for the snap-through and bursting drop problems. It would be
interesting to resolve this issue. Second, the for the surface electro-creasing instability
due to pre-stretch, where viscoelasticity is neglected, the number of craters that form
on the surface depends nonlinearly on the amount of pre-stretch. The reason for this
would also be of interest to investigate further.
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